Preliminaries
The Grassmannian of q-dimensional linear subspaces of R n is denoted by G(n, q), 0 ≤ q ≤ n. For L ∈ G(n, q), the set G(L, p) is the family of all p-dimensional linear subspaces M incident with L, that is, M ⊂ L when p ≤ q and L ⊂ M , otherwise. The invariant probability measures on these spaces are denoted by ν q and ν L p , respectively. Similarly the space A(n, q) of q-dimensional flats is endowed with the motion invariant measure µ q , normalized in such a way that µ q ({E ∈ A(n, q) : E ∩ B n = ∅}) = κ n−q , where κ j is the volume of the Euclidean unit ball B j in R j . For E ∈ G(n, q) the family of all p-dimensional flats incident with E is denoted by A(E, p) and endowed with the invariant measure µ . For E ∈ A(n, q) we let K q E be the family of all convex bodies in E. The unit normal bundle of a set of positive reach X is nc X.
We will need a norm on the space T p of symmetric tensors of rank p ∈ N 0 and define T = sup{|T (v 1 , . . . , v p )| : v 1 , . . . , v p ≤ 1}
for T ∈ T p . We will make use of Gauss' hypergeometric function
1)
α, β, γ ∈ R, −γ ∈ N 0 , where (α) k = α(α + 1) · · · (α + k − 1). The series in (1.1) converges absolutely for z ∈ (−1, 1) and if α + β < γ even for z ∈ [−1, 1]. We will later use one of Euler's transformation rules F α,β;γ (z) = (1 − z) γ−(α+β) F γ−α,γ−β;γ (z) (1.2) and the fact that ;2α (z) = (1 − z)
3)
|z| < 1; see, for instance, [7, (8.2.11 ) and p. 296].
Rotation invariant continuous valuations on star sets
Before describing rotation invariant valuations on the family of convex bodies, we describe here shortly a theory of rotation invariant tensor valuations for star sets.
With the appropriate definition of star sets, this theory turns out to be rather complete and can serve as a reference for the convex case that still contains a number of open questions. A set S ⊂ R n is called star shaped if its intersection with an arbitrary line through the origin o is a (possibly degenerate) line-segment. Clearly, a star shaped set S is determined by its radial function ρ(S, u) = sup{α ∈ R : αu ∈ S}, u ∈ S n−1
. Usually one only works with geometrically defined subclasses of the family of all star shaped sets, and results depend crucially on the subclass chosen. In this survey we restrict considerations exclusively to star shaped sets containing the origin. Note that the results on star bodies in Gardner's monograph [13] do not require this assumption. We base our review on Klain's [22] definition of an L n -star, which is a star shaped set S ⊂ R n that contains the origin and has a finite volume, that is, its radial function is a non-negative element of L n (H n−1 ). The family of all L n -stars will be denoted by S n , and endowed with the topology that is induced by the norm in L n (H n−1 ) on {ρ(S, ·) : S ∈ S n }. As usual, one thus identifies L n -stars when their radial functions coincide up to a set of H n−1 -measure zero.
We now discuss examples of continuous SO(n)-invariant valuations on S n that take values in the space of tensors of rank p ∈ N 0 . The first examples that come to mind are the Euler-Poincaré characteristic
and, of course, the volume
2)
S ∈ S n , yielding tensor valued valuations of rank 0. To obtain higher rank tensors, the constant 1 in (2.1) and in the integrand of (2.2) can be replaced by tensors -in the second case possibly one that depends on x. To retain the rotation invariance, this tensor must depend on x only through x , so we may put Klain stated this result only for p = 0 but it can easily be extended to positive p by pointwise application to the tensors involved. The proof of Theorem 1 relies on the fact that the family S n is very large. To illustrate the main idea restrict considerations to the case where p = 0. For any r > 0 the functional µ given by
, is finitely additive. Continuity and the valuation property of ϕ imply that µ is σ-additive, and hence µ is a (possibly signed) measure on S n−1 . The measure µ inherits the rotation invariance from ϕ, so µ must be a multiple θ(r) of the uniform measure on S n−1 . The proof is concluded by observing that any element of S n can be approximated by finite unions of bounded cones with different r, as defined on the right hand side of (2.5). Concluding, the theory of invariant measures is the backbone of Theorem 1.
Consider an SO(n)-invariant continuous valuation ϕ : S n → T p with p = 0. If ϕ is homogeneous of degree α ∈ R, Theorem 1 implies that 0 ≤ α ≤ n. If α = i is an integer, the associated function θ in (2.4) must be proportional to t i , and hence
is proportional to the (n − i)th dual quermassintegral
is a continuous valuation that is SO(q)-invariant (with respect to all rotations leaving L fixed), we have
L . This opens the door to applications in rotational integral geometry. In many practically relevant cases, ϕ L are given for all L ∈ G(n, q), and are compatible with rotations in the following sense:
and if all ϕ L are continuous valuations on S q L , their associated functions θ L in (2.6) all coincide. In the following we use that when S ∈ S n , then S ∩ L ∈ S q L for almost all L ∈ G(n, q). Corollary 2. Let q ∈ {1, . . . , n − 1} and let {ϕ L : L ∈ G(n, q)} be a SO(n)-compatible family of continuous valuations with values in T p . Let θ = θ L be the joint associated function in (2.6). Then
Example 3. For fixed q ∈ {1, . . . , n − 1} and i ∈ {0, . . . , q} the family {W q−i,L : L ∈ G(n, q)} of (q − i)th dual quermass integrals
is SO(n)-compatible. Equation (2.8) now reads
. This is the dual Kubota integral recursion essentially due to Lutwak [25] .
Corollary 4. Let q ∈ {1, . . . , n − 1} and assume that ϕ :
such that the associated function in (2.4) satisfies θ(t) ≤ at q + b for some a, b ≥ 0. Then ϕ can be written as a rotational Crofton integral with q-planes:
, where
} is an SO(n)-compatible family of continuous valuations satisfying (2.9), it must be given by (2.10), as such valuations are determined by their values on balls.
It should be mentioned that there are other, more geometrically motivated notions of star sets in the literature. One common class is defined as the family of all star shaped sets containing the origin and having a continuous radial function. Its elements are called star bodies in [32] . Let S be the family of all star bodies, endowed with the L ∞ -topology, which is induced by the supremum norm of the radial functions. As S S n the above results do not readily apply to valuations on S. However, Villanueva [32] showed that a real-valued SO(n)-invariant L ∞ -continuous valuation ϕ that is in addition non-negative and satisfies ϕ({o}) = 0, can be written in the form (2.4) with a non-negative continuous function θ satisfying θ(0) = 0. The converse being obvious, this gives a strengthened version of Theorem 1 for star bodies and p = 0, but only for non-negative valuations with ϕ({o}) = 0. If the latter two conditions are necessary is an open question.
Example 5. The associated function of the real-valued continuous SO(n)-invariant valuation ϕ(S) = λ n (S) is θ(t) = t n /n. For q < n there cannot be an SO(n)-compatible family {ϕ L : L ∈ G(n, q)} of continuous valuations satisfying (2.9), as the joint associated function θ would be (ω n /(nω q ))t n , which increases faster than t q as t → ∞. We thus consider ϕ only on the class of star bodies. With the same arguments that led to Corollary 4, we have for any q ∈ {1, . . . , n − 1} that
for any star body S, where
This is a special case of the rotational Crofton formula for intrinsic volumes in [5] .
Rotation invariant continuous valuations on convex bodies
We now turn to rotation invariant continuous valuations on the family of convex bodies, endowed with the Hausdorff metric. Throughout the rest of this paper we assume n ≥ 2 to avoid peculiarities of the one-dimensional setting. Clearly, valuations of the form (2.3), restricted to K n , are examples of continuous SO(n)-invariant valuations, but the family of continuous SO(n)-invariant valuations on K n is much richer. One simple example are the intrinsic volumes V j , 0 < j < n, they are even motion invariant, but not of the form (2.3).
In the seminal paper [1] by Alesker, characterization theorems for rotation invariant continuous polynomial valuations are derived. A valuation ϕ :
If ϕ is polynomial of degree at most k and ϕ(K + x) is a polynomial in x of exact degree k for at least one K ∈ K n , ϕ is called polynomial of degree k.
In [1] , a characterization theorem for continuous polynomial rotation invariant valuations is derived, involving the family of valuations given by 
Conversely, any expression of the form
Note that as (3.1) defines an O(n)-invariant valuation, every continuous polynomial SO(n)-invariant valuation is also O(n)-invariant when n ≥ 3. A characterization theorem for the particular case of continuous polynomial SO(2)-invariant valuations on K 2 can also be found in [1] . As we do not require that the valuations are translation invariant, McMullen's decomposition is not readily available. However, polynomiality of degree at most k implies that ϕ can be decomposed into a sum of homogeneous valuations with homogeneity degrees in {0, 1, . . . , n + k}. This follows from a more general result in [20] and is used extensively in [1] .
This valuation is of the form (3.2), since the divergence theorem implies
In fact, Alesker has shown the following decomposition
where each subspace W n,q is spanned by valuations of (exact) polynomial degree q. This yields the recursive formula
The fact that dim V n,0 = dim W n,0 = n + 1 is a direct consequence of Hadwiger's theorem, as valuations of polynomial degree zero are translation invariant, and thus V 0 , . . . , V n forms a basis of W n,0 . Furthermore, we see dim V n,1 = dim V n,0 = n + 1, so W n,1 is trivial -continuous SO(n)-invariant valuations of polynomial degree exactly one do not exist. Explicit bases for W n,k and hence for V n,k can be constructed from the family of valuations , where the coefficients are in V n,k . We only note here that this implies
This notion is extended to T p -valued valuations by assuming quasi-smoothness pointwise i.e. for all real-valued
Alesker [2, 3] showed that any quasi-smooth valuation can be approximated uniformly on any compact subset of K n by continuous polynomial valuations. For the understanding of SO(n)-invariant quasi-smooth valuations it is thus sufficient to investigate the valuations ϕ p,j , defined in (3.1). There are SO(n)-invariant continuous valuations that are not quasi-smooth, but it is an open problem if all of them can be approximated by continuous polynomial valuations.
is a real-valued O(2)-invariant continuous valuation (the finiteness of which can be seen by introducing polar coordinates). The valuation ϕ is a special case of the valuations appearing in Theorem 11 below. The valuation is not quasi-smooth. In fact, for
and s > 0 an application of the divergence theorem like in Example 7 shows that
The second derivative of this function of s has a pole at 0, so ϕ is not quasi-smooth. However, it can be shown that ϕ can be approximated uniformly on any compact subset of K 2 by continuous polynomial valuations.
Rotational integral geometry for the valuations appearing in the characterization theorems in [1] appears largely unexplored. Below we show, as a new result, how the valuation ϕ r,s n−1 defined in (3.3) with s even can be expressed as a rotational average. The assumption that s is even can be omitted when o ∈ K.
Theorem 9. Let q ∈ {2, . . . , n−1}, r, s non-negative integers with s even. Then, the valuation ϕ r,s n−1 in (3.3) can be written as a rotational Crofton integral with q-planes:
is an integral with respect to the generalized curvature measure
Proof. As support measures are weakly continuous and the integrand in the definition of ϕ r,s L is continuous in (x, u), one can apply an approximation argument. It is thus enough to show the claim for a polytope K for which the union of all support planes of K at the facets does not contain the origin. The variable s is even, so it does not matter if one works with the exterior or the interior normal vectors. It is thus enough to show the claim for one facet, or, equivalently, for all (n − 1)-dimensional sets K. Let u ∈ S n−1 be one of the unit normals of K at a relative interior point. Then
and using [16, Proposition 5.4] we find
The only analytic function h that satisfies
The proof of this claim follows closely [16, Section 5.6] , where the case s = 0 is treated. Using (3.5) and interchanging the order of integration we find
where we at the last equality sign have again used [16, Proposition 5.4] , but now in L, and we wrote M x for span{x}. As Rotational integral geometry of intrinsic volumes has been developed during the last decade in a series of papers ( [4, 5, 10, 18] ), motivated by the strong interest in such results from local stereology ( [16] ). In the theorem below, we show in the spirit of Corollary 4 how the intrinsic volumes can be expressed as rotational averages. A central element in the proof of the theorem is the classical Crofton formula for affine subspaces Theorem 10 (Auneau & Jensen [5] , Gual-Arnau et al. [10] ). For q = 1, . . . , n − 1 and j = 1, . . . , q, let ϕ = V n+j−q be the intrinsic volume of homogeneity degree n + j − q. Then,
, where 9) while for j = q − 1, (3.8) can equivalently be expressed as
Note that (3.9) also appears in Example 5, while (3.10) is obtained by setting r = s = 0 in Theorem 9 and noting that ϕ 0,0
Besides the classical Crofton formula, the proof of Theorem 10 uses the following version of the Blaschke-Petkantschin formula for a non-negative measurable function f on A(n, r), see [21, Theorem 2.7] , The formula for ϕ L in (3.8) is not very explicit, but actually useful in local stereology, because a stereological estimator of V n−q+j (K) can be constructed from this formula, involving motion invariant random flats within isotropic random linear subspaces, as explained in Section 7 below. However, from a theoretical point of view, a more explicit expression for (3.8) would be desirable. To the best of our knowledge, this is an open problem in rotational integral geometry.
In the spirit of Corollary 2, we now consider the
In [4, 18] , the rotational averages of these sectional valuations are derived. The result is presented in the theorem below.
Theorem 11 (Auneau, Rataj & Jensen [4, 18] ). Let q = 1, . . . , n − 1, j = 0, . . . , q and {ϕ L : L ∈ G(n, q)} be the SO(n)-compatible family given by (3.12). Then,
13)
where for j = q
where κ i (x, u), i = 1, . . . , n − 1, are the principle curvatures of nc K at (x, u). Furthermore, A I = A I (x, u) is the (n − 1 − |I|)-dimensional subspace spanned by the principal directions a i (x, u), i ∈ I, at (x, u) ∈ nc K, and
If q = 1 and x ⊥ u, we set Q 1 (x, u, M ) = 0. For j = q − 1, (3.14) takes the following explicit form
The proof of the theorem involves extensive geometric measure theory. In [4] , the explicit form of Q q has been derived. Generally, Q q (x, u, A I ) depends on the angle between x and u, and the angle between x and A I . As an example, let j = 0 and q = n − 1. Then, by [18, Proposition 3] ,
where
with θ = ∠(p x ⊥ a, p x ⊥ u). For n = 3 an application of the Euler-transformation (1.2) implies
As
trigonometric identities give
where F 1, ;2 can be simplified using (1.3) with α = 1. Summarizing, we find for n = 3, q = 2 and j = 0 that (3.14) reduces to
We conclude these considerations with a remark on SO(n)-invariant valuations in the context of the above rotational formulae. When ϕ L = V j is an intrinsic volume, the left hand side of (3.13) defines a real-valued SO(n)-invariant valuation ϕ. In the case of the Euler characteristic, j = 0, the valuation ϕ is not continuous, as can be seen considering a non-constant sequence of singletons converging to {o}. Using the upper semi-continuity of the intersection operation one can show that ϕ is continuous for j ≥ 1. One may ask if this valuation can be approximated by polynomial ones. Due to Weierstrass' approximation theorem the hypergeometric function in (3.15) can uniformly be approximated by polynomials on [−1, 1]. As a consequence, the valuation in (3.15) is a locally uniform limit of continuous SO(n)-invariant polynomial valuations by Theorem 6. In contrast to this, the valuation in (3.14) is for j ≤ q − 2 an integral over the unit normal bundle where the integrand depends on the principal directions of nc K. It was therefore conjectured in [4] that such valuations are not locally uniform limits of continuous SO(n)-invariant polynomial valuations even if j ≥ 1. The lowest dimensional example of this kind occurs for n = 4, q = 3 and j = 1. The mentioned problem is still open.
Rotational Crofton formulae for Minkowski tensors
Rotational Crofton formulae for Minkowski tensors have recently been derived in [6, 30] . To express Minkowski tensors as rotational averages, we need to generalize Theorem 10. An important element in the proof of Theorem 10 is the classical Crofton formula (3.7). In [15] , (3.7) is generalized to the case of Minkowski tensors. It turns out that the formula for Minkowski tensors derived in [15] is considerably more complicated than the classical Crofton formula, but for Minkowski tensors Φ n−q+j be the tensor of rank r with s = 0 and index n − q + j. Then,
2)
while for j = q − 1, (4.1) can equivalently be expressed as
A result of the type (4.1) can also be established for Φ r,1 n−q+j , see [6, Corollary 4.4 ], but here explicit expressions for ϕ L for j = q and j = q − 1 are not available.
Surface tensors Φ 0,s k are studied in [24] . In [24, Theorem 3.4] , Φ 0,s n−1 (K) is expressed for even s as a Crofton-integral with respect to lines E ∈ A(n, 1), involving an explicitly known tensor G s (π(E)) of rank s. Here, π(E) is the line through the origin parallel to E. By combining this result with (3.11), Φ 0,s n−1 (K) can for even s be expressed as a rotational integral. We get for q = 1, . . . , n − 1
As is apparent from the discussion above, it is an open problem to express Minkowski tensors with general indices as rotational averages. One possible route to follow for the tensors Φ 0,s k with arbitrary non-negative integer s is to use the recently established kinematic formula [8, Corollary 6 .1] for trace-free tensors Ψ s k in combination with the Blaschke-Petkantschin formula (3.11). For k, l ≥ 0, k + l ≤ n and n < l + p, we get
Combining this with the fact that Φ The situation is much more clear for rotational averages of Minkowski tensors, due to the recent work of Svane ([30] ). Using the same techniques as in [18] , Theorem 11 can be generalized as follows, where it should be noted that the integrand of the function Q q in (4.4) now depends also on p L u when s > 0.
Theorem 13 (Svane [30] ). Let q = 1, . . . , n − 1, j = 0, . . . , q, r, s non-negative integers and let {ϕ L : L ∈ G(n, q)} be the SO(n)-compatible family given by
, where for j = q and s = 0
contains o in its interior, then for j < q
For j = q − 1, (4.4) takes the following explicit form
ω q ω q−1 ω n−q ω n ω n−1 ω n−2 a+b+c+2l=s s a, b, c, 2l
is the metric tensor and
We finally mention that a recently derived kinematic Crofton formula for area measures [14] can also be combined with the Blaschke-Petkantschin formula (3.11) in order to obtain a rotational Crofton-type representation of the surface area measure
Uniqueness of the measurement function
Let K ∈ K n and q ∈ {1, . . . , n − 1} be given. The rotational Crofton formulae in Section 4 all read
where ϕ is some tensor valued valuation and the functionals ϕ L are tensor valued valuations on K q L for all L ∈ G(n, q). As ϕ L is the quantity we have to measure in order to obtain a desired isotropic average, we refer to ϕ L as the measurement function. In [10] it was asked if this measurement function is unique under appropriate additional assumptions when the right hand side of (5.1) is an intrinsic volume of K. This question was motivated by the observation that two apparently different measurement functions that satisfy (5.1) with ϕ = V n actually coincide. In fact, also the following result on surface area estimation appears to support uniqueness of the measurement function. Theorem 10 implies that (5.1) with ϕ = V n−1 holds with ϕ L given by (3.10). About a decade before Theorem 10 was established, a BlaschkePetkantschin formula was used in [16, Section 5.6 ] to show that the apparently different measurement function
is the angle between u and the (almost everywhere unique) outer unit normal in L of K at its boundary point uρ K (u). A closer examination reveals that the measurement functions (3.10) and (5.2) actually coincide when q = 2; see [11] for a proof in the case of strictly convex and smooth K ⊂ R 
implies that all measurement functions ϕ L are vanishing. In contrast to the convex case, the corresponding question for measurement functions on L n -stars is not difficult: We have already noted after Corollary 4 that an .3) holds. In fact, one only has to show that ϕ L vanishes on all line-segments in L that contain the origin. However, this is a direct consequence of (5.3) applied to the sets 
The proof uses the convex hull K 1 of K in (5.4) and the intersection K 2 of all closed supporting half spaces of K 1 that contain a point of {x ∈ RB n : x, w ≥ 0} in their boundaries. An explicit calculation and comparison of (5.3) with K 1 and K 2 replacing K then yields the assertion.
Principal rotational formulae
A principal rotational formula for Minkowski tensors may involve integrals of the form
and ν is the unique rotation invariant probability measure on SO(n). In local stereology, principal rotational formulae are used in cases where an unknown spatial structure K is studied via the intersection with a randomly rotated set M . In such applications, M is a known 'sampling window' constructed by the observer.
In this section, we consider principal rotational formulae for general Minkowski tensors. It turns out that local Minkowski tensors are an important tool in the derivation of such formulae. For K ∈ K n , r, s non-negative integers and k = 0, . . . , n − 1, the local Minkowski tensors are defined by
where ψ and φ are non-negative measurable functions on R n × S n−1 and R n , respectively. The classical Minkowski tensors are obtained in (6.1) and (6.2) by choosing the functions ψ and φ identically equal to 1. We remark for later use that the rotation group acts on the corresponding function spaces in the natural way: for ϑ ∈ SO(n),
. We define the rotational average
and likewise forφ. The same definition can also be applied to functions ψ and φ with values in T and R n , respectively. Then, for K ∈ K n , r, s non-negative integers and k = 0, . . . , n − 1,
As a consequence of Proposition 15, we have the following principal rotational formula for local Minkowski tensors. We slightly abuse notation using
,
Then, for any non-negative integer r we have
If, in addition, k = 0, . . . , n − 1, and s ∈ N 0 we have
When k = n − 1 and H n−1 (bd K ∩ ϑ bd M ) = 0 for almost all ϑ ∈ SO(n), this implies
3) follows directly from Proposition 15. Support measures are locally defined, so
and Proposition 15 yields (6.4). To show (6.5) an application of the facts that support measures are locally defined together with the additional assumption yields
for almost all ϑ. Integrating x r u s with this measure, applying (6.4) and using again the fact that support measures are locally defined to simplify the second term, yields (6.5).
Proposition 15 may also be used to derive a principal rotational formula where Minkowski tensors are expressed as rotational averages. The result is given in the theorem below.
Then, for r, s non-negative integers and k = 0, . . . , n − 1,
The theorem follows from Proposition 15 as φ
In order to use Theorem 17 for estimating Φ r,s k (K) from an observation in K∩ϑM , where ϑ is a random rotation, requires to determine the weight function φ • M yielding a Horvitz-Thompson-type correction. This is possible when ϑM is known which is often the case in optical microscopy, see e.g. [29] .
But from a basic science point of view, it is important to develop principal rotational formulae of the type (6.3) and (6.5) with integrands only depending on K ∩ ϑM without any further knowledge. To the best of our knowledge, this is an open problem in rotational integral geometry for the measurement function Φ r,s k with k < n − 1.
Local stereology applications
The aim of local stereology ( [16] ) is the estimation of quantitative parameters (volume, surface area, Minkowski tensors, . . . ) of spatial structures from sections through fixed points, called reference points.
Using a rotational Crofton formula, local stereological estimators of Minkowski tensors Φ r,s k (K) have recently been derived ( [19] ), based on measurements on random sections passing through a fixed point of K. More specifically, such local estimators are available for (i) s = 0, 1 and r, k arbitrary and for (ii) r = 0, s even and k = n−1. In (i), the rotational Crofton formula presented in [6, Corollary 4.4 ] is used while (ii) follows by combining [24, Theorem 3.4] with the Blaschke-Petkantschin formula (3.11). The details were given in Section 4. The most common stereological application of rotational Crofton formula is the estimation of intrinsic volumes (r = s = 0). For volume and surface area, that is when k = n or k = n − 1, different forms of measurement functions have been suggested. In [31] several surface area estimators are discussed and a measurement function based on Morse theory is established. The works of Cruz-Orive and Gual-Arnau on this subject are summarized in the recent paper [12] .
Alternatively, measurements for local estimation of Φ r,s k (K) may be performed on the intersection K ∩ M of K with a randomly rotated convex body M. Here, a principal rotational formula is used; see Section 6.
In this section, we will investigate to what extent these results can be transferred to particle processes. Let X be a particle process of full-dimensional convex particles in R n that we represent as a stationary marked point process. The marked point process is given by
where x(K) ∈ K is a reference point associated to each particle K ∈ X while the mark K − x(K) is the particle translated such that its reference point is the origin o.
The particle mark distribution is denoted by Q. We let K 0 be a random convex set with distribution Q. We may regard K 0 as a randomly chosen particle or a typical particle with o put at its reference point.
Inference about the distribution of Φ r,s k (K 0 ) may be based on a sample of particles, collected as those particles with reference point in a sampling window. More specifically, we consider a sample of the form
where W ∈ B(R n ) is a full-dimensional sampling window with 0 < λ n (W ) < ∞. The distribution of Φ r,s k (K 0 ) may be studied via the empirical distribution of
If complete access to the sampled particles is not possible, the distribution of Φ r,s k (K 0 ) may still be studied via (7.2) if a precise estimate Φ r,s
is available, e.g. from replicated local sectioning of K − x(K).
We will now discuss the situation where such precise estimates are not available. For this discussion, it turns out to be useful to consider the following n+1 probability measures P Xk , k = 0, . . . , n, associated to the particle process X. The probability measure P Xn is concentrated on R n and is absolutely continuous with respect to the Lebesgue measure λ n with probability density
called the cover density. The density f K 0 may be envisaged as a kind of probabil-
The remaining probability measures P Xk , k = 0, . . . , n − 1, are concentrated on
and are normalized versions of the mean support measures
The probability measures P Xk , 0 ≤ k ≤ n − 1, contain information about the probabilistic properties of the boundary of K 0 . As an example, P X(n−1) (R n × ·) is proportional to the surface area measure of the so-called Blaschke body B(X) of the particle process, see [28, p. 149] . If Q is invariant under rotations, then B(X) is a ball.
The theorem below shows that for particle processes, normalized mean Minkowski tensors determine the moments of arbitrary order in the distributions P Xk , k = 0, . . . , n.
Theorem 18. Let X be a stationary particle process of full-dimensional convex particles in R n with particle mark distribution Q. Let K 0 be a random convex set with distribution Q. Then, for non-negative integers r, s and k = 0, . . . , n − 1 = ω n−k r!s!ω n−k+s R n ×S n−1 x r u s P Xk (d(x, u) ).
For k = n, we get EΦ 
is a consistent (in a probabilistic sense) estimator of the moment of order (r, s) of P Xk , also in the case where Φ r,s k (K − x(K)) is substituted with an unbiased estimator Φ r,s k (K − x(K)), subject to non-negligable variability. For instance, consistency follows in an expanding window regime if the particle process is ergodic, see [9, Corollary 12.2.V].
These ideas have been pursued in detail in [26, 33] for volume tensors and the resulting methods have been implemented in optical microscopy. For a sampled particle K, the volume tensor Φ r,0 n (K − x(K)) is here unbiasedly estimated using a local stereological design, involving measurements from the central part of K.
The design used in [26, 33] is a so-called vertical slice design. Let us consider a slice of the form T = L + B(o, t) where L ∈ G(M, q), q > 1, is a q-dimensional linear subspace containing a fixed line M ∈ G(n, 1) passing through o and t > 0 is the thickness of the slice. The line M is called the vertical axis. The set of such slices is denoted T (n, q, M ). We let ρ M q denote the unique probability measure on T (n, q, M ), invariant under rotations that keep M fixed.
The unbiased estimator of Φ is an unbiased estimator of Φ r,0 n (K). The lemma is a direct consequence of [16, Proposition 6.3] . Combining Lemma 19 with Theorem 18 and (7.3), we obtain the following result.
Theorem 20. Let W ∈ B(R n ) with 0 < λ n (W ) < ∞. Let X be a stationary particle process of convex particles in R n with particle mark distribution Q. Let K 0 be a random convex set with distribution Q. Finally, let T be a random vertical slice, independent of the particle process X, with distribution ρ n is given in Lemma 19. If the particle mark distribution Q is invariant under rotations that keep the vertical axis fixed, then it is not needed to randomize the slice.
